Introduction.
Let X be either a metric space or a uniform T space. Consider a topological transformation group (X, T, 77) in the sense of Gottschalk and
Hedlund [4] . We may think of it in the following way: if two points are sitting in two different indivisible components then the actions on them have dissimilarity of certain kind.
We will follow this global scheme but limit ourselves to certain indivisibilities which can give the topological nature of the set of nonequicontinuous points N{X).
A typical application is given in Theorem 2 of [lO] which states that if X is a connected compact metric space and Ai(X) is 0-dimensional and if a certain condition on indivisibility is satisfied, then N{X) is either a Cantor set or it consists of at most two points. Some details of applications of this work are given in [ll] .
The approach through the notion of indivisibility enables [ll] to extend and to clarify the earlier work on nearly equicontinuous transformation groups by Homma and Kinoshita [6] , Kaul [7] and Gray examples also exhibit some new transformation groups in terms of the set N{X).
For instance Example 5.4 gives a continuous flow on a metric continuum such that the set N(X) is countably infinite and does not disconnect the space. The previously known N\X) which does not disconnect a continuum is either finite or uncountable (cf. [5] , [61, [l] , [10] ).
Some theorems announced in [lO] are given proofs in this paper. Theorem 1 is proved in (1.4), Theorem 3 is proved in §4 and part of Theorem 4 is proved in (5.3). The rest of the theorems announced in [lO] will be proved in [ ll] and another forthcoming paper.
By abuse of language we will use the word indivisibility both in the abstract sense as a notion and in the concrete sense as an object.
To be general, we present this work in terms of uniform T phase spaces.
Standing hypothesis.
All transformation groups (X, T, 77) will be assumed to have uniform T space X. Unless explicitly stated otherwise, the transformation group f = (X, T, n) and its uniformity will generally be fixed.
Standing notation.
(1) J. = the class of all nets in T.
(2) J-= the set of all sequences in T.
(3) j(Z) = the set of all subsets of Z, Z a set.
(4) U = the uniformity of X.
(5) S = S U í°°!, the one-point compactification of a topological space S.
(6) xa: if x e X and a = \t.\ e J. then xa denotes the net \xt} in X.
(7) The word "family" will be used for both a set and a class. The involvement of logic, however, is minimal.
(8) E{X) = the set of all equicontinuous points of (X, T, n), N{X) = X -£(X)
= the set of all nonequicontinuous points of (X, T, n) (cf. (1.1)).
(9) A set of standing notation involving indivisibilities will be given in (3.1).
The main reference for transformation groups is Gottschalk and Hedlund [4] and the main reference for topology is Kuratowski [9] .
1. Nonequicontinuous set is a union of closed invariant sets. We recall a well-known definition.
Definition.
A point x £ X is said to be equicontinuous if for every a ell there exists v e U such that (x, y) £ v, y e X =^{xt, yt) E u, for all t € T.
Otherwise, x is said to be nonequicontinuous.
When X is a metric space, we take ll to be the uniformity generated by the metric d of X. Then clearly x 6 X is equicontinuous iff for every e > 0 there exists 8 > 0 such that d(x, y)< 8, y eX=^d(xt, yt) < e, for all t € T.
E(X) or E(X, ll, T) will denote the set of all equicontinuous points, N(X) or N(X, il, T) will denote the set of all nonequicontinuous points. It is easily verified that E(X) and /V(X) are invariant under T. In general one of the two sets may be void. In fact if (X, T, n) is uniformly almost periodic and X is compact, then N{X) = 0; if (X, T, n) is expansive and X is self-dense, then E(X) = 0.
Moreover, the sets E(X) and A/(X) depend on U in case X is not compact.
Every nonempty closed invariant set F confines the position of orbit closures Cl(xT), in particular minimal sets, in the sense that if x e F then Cl(xT) C F.
We will need this property for /V(X). In general N(X) is not a closed set. However, the property above holds for nonempty sets F which can be expressed as a union of closed invariant sets.
Theorem.
The set N(X) is a union of closed invariant sets. In fact the closed invariants sets are F (X) = \x € X | every neighborhood V of x satisfies Vt x Vt £ u for some t = ty e T\, u e ll.
Proof. The proof is very simple. A rigorous argument can be given as follows. Consider the product transformation group (X, T, 7?), i.e. X = X x X with product topology and 77 = X x T -► X is defined by ((x, y), l)n = (0c, /)?7, (y, t)n), x, y e X, t eT.
There exists a natrual transformation group isomorphism of (X, T, 77) onto (A, T, 77) where A is the diagonal of X. The image of F (X) under this isomorphism is the set A n C1[(X -u)T]. It follows easily that F (X), is closed, invariant and N(X) = \J\Fu(X)\u e\\\.
If X is a metric space, then 11 has a countable base, hence /V(X) is a count- (2) (x/)/T = xfT; for all x e X, t e T.
(3) If x eX, then x e N(X) iff xfT ¿ 0. consists of all rational pairs. It also opens up the question of which subsets of X are admissible as F(X) for some acting group T.
1.6. Remark. Let X be again a uniform T space. Then
(1) p eN{X), then Cl(pT) C MX).
(2) If M is a minimal set, then either M C N(X) or M C £(X).
(3) If X is a metric space, then M/_ is a singleton for every minimal set M.
Proof. Statements (1) and (2) Hence if u, v 6 U M OF (X) = 0, M n F (X) ¿ 0, then MC F (X) -F (X).
2. Indivisibility; general properties.
2.1. Definition. A C-object is defined as a 4-tuple (<f , Y, J", X) which has the following properties:
(1) £, = (X, T, tt) is a transformation group, where X is given a fixed uniformity.
(2) Y C X.
(3) le J (see standing notation).
(4) X c ?(x).
2.2. Definition. A C-object (<f, V, i, X) is called an indivisibility if for every a £ J and for every K 6 X whenever there exists y 6 Y such that the net y "a. has a limit point in K, then the net y a has a limit point in K, for every y e Y. A C-object which is not an indivisibility is called divisible.
Clearly a C-object (<f, Y, J, X) is an indivisibility iff (f, Y, a, K) are indivisibilities for all a e J and for all K e X (a family which has exactly one element m is denoted by m as well as \m\). Other obvious properties of indivisibility are given as follows.
2.3. Proposition. Let a = (rf, Y, J, X) be a C-object. Then the following properties hold:
(1) // Y is a point, then a is an indivisibility. 2.6. Definition. An irreducible subnet of a divisible C-object (<f, V, 3", X) is a net ß which has the following properties:
(1) ß is a subnet of some ae J.
(2) lim xß exists in X , for every x e X (see standing notation).
(3) (£, Y, y, X) is divisible for every subnet y of j8.
We will find the following reduction property very useful in the sequel.
2.7. Proposition, Every divisible C-object has an irreducible subnet.
Proof. The proposition is a simple consequence of the Tychonoff theorem on the product of compact spaces. If the C-object (<f, Y, J", X) is divisible, then there exist a e J" and K eX such that (rf, Y, a, K) is divisible. Then there exist points y», y. € Y such that y.a. has a limit point in K and yta has no limit point in K. We may assume that lim yna = p e K exists.
Regarding each term of a as a map from X to X and applying the Tychonoff theorem we obtain a convergent subnet ß. Then ß satisfies (1), (2) and (3).
Since X is not yet a T -space, the limit lim xß in (2.6(2)) may have more than one point. Later on we will assume that X is locally compact and this defect will be overcome.
We will call a family J" C J. hereditary if whenever a, £ j" then ß 6 } for every subnet ß of a.
2.8. Corollary. Let (¿f, Y, J", X) be a C-object, where J" is hereditary. Let J" denote the elements of J which converge pointwise in X (to points in X ).
Then (f, Y, ,T, a) is an indivisibility■^>(t;, Y, i , X) is an indivisibility. Proof. The (=*•) part follows from (2.3(5)).
(<==). By contradiction. Let ß be an irreducible subnet of a as given in (2.6).
Then there exist yQ, y. E Y such that lim yQß = p E K e X and lim y .ß = q E X -K. Note now X = XU {»! is a metric space. Out of ß one can easily find a sequence y € J. such that lim y.y = p and lim y y = q. We then have a contradiction.
Hereditary families are easy to deal with because of (2.8).
As we see from (2.9) the results for such families can often be applied to nonhereditary families.
Another useful device for the later development is the extension of (X, T, n)
to its one-point compactification.
We will do this regardless of whether X is compact or not. Proof. Define (°°, t)n* = <*> for all / E T. The verification of the proposition is straightforward and is omitted.
Note that the space X , being compact, has a unique uniformity which is compatible with the topology.
The set E(X ) and Af(X ) for cf are then uniquely defined.
The most important property of the extension from <f to cf is the following one.
2.11. Proposition. Let X be locally compact. Then E(X) C E(X ).
Proof. It suffices to show that N(X*) n X C N{X). Thus let ll* be the uniform- It follows that p E N(X).
3. Indivisibilities of equicontinuity type.
In the remainder of the paper we will restrict our attention to a class of indivisibilities in which the notion of equicontinuity plays a crucial role. They are given as follows. In case Y is a connected subset of £(X), a stronger version of (3.2) is given in (4.5).
The consideration of whether a set is J3-indivisible is superfluous if one is only interested in transformation groups with compact phase spaces. However, even for cases when the phase spaces X are locally compact (and noncompact) this condition is an important one. We will show later that in certain cases the completeness of X can ensure this condition (3.12) .
In order to analyze the three kinds of indivisibilities defined in (3.1) we need the following technical theorem. This theorem is responsible for the failure of many subsequent results on nonlocally compact spaces.
3.3. Theorem. Let K be an invariant subset of X, a. e J., u € U, x e E(X) and \x.} a net in X, which satisfy the following properties:
(a) xu4 n K = 0. Then xa has a limit point in X -K.
Proof. Since x e E(X), there exists v e U, v C u, such that y e X, (x, y) e v imply (xt, yt) e u for all t e T. Without loss of generality we may assume that the points \x .] are all in xv. Fix a point, say x., in \x \. By replacing a with a subnet we may assume that lim xa = y e X -F (X). By the definition of F (X)
there exists ui ell such that z.eXd =1,2), (yv z) ew=^(zlt, z2t) eu, foi all te T.
Let a = \t.}. There exists some term s = £,•, of a such that (y", x,t.) ew for all j > /'.. For such / we have
It follows from (b) that there is a subnet of \xts~ \. which converges to a point p exzz4. By (a) we have that p i K. Since K is invariant, the net xa = {xt.\.
then has a subnet which converges to a point q = ps 4 K.
3.4. Corollary. Suppose X is locally compact, x £ E(X), a £ J. and lim xa = p ^ E(X). Teen there exists a neighborhood U of x and u £ U szzc¿ that yß has a limit point in F (X), for every y £ U and for every subnet ß of a.
Proof. Let K = Cl(pT). By Remark 1.6(1) we have that K C N(X). We can 3.5-Corollary. Let X be locally compact, a £ J., {x.] a net in X which converges to x £ E(X) and that every subnet of x a has a limit point in E(X) for all i. Then every subnet of xa has a limit point in E(X).
Proof. By first letting K be F (X) for some small a £ ll, Theorem 3-3 shows that every subnet of xa has at least one limit point. If one such limit point, say p, is not in E(X). Then p £ F (X) for some v £ U, v C u. Now there exists a subnet ß oí a. such that lim xß = p. By applying Theorem 3.3 again for K = F (X) and with ß in place of a we obtain a contradiction.
In the previous two corollaries the set K is a subset of N(X). Though it is not as important for the sequel, dynamical results may be obtained by letting K too be a subset of E(x), as illustrated in the following.
3.6. Corollary. Let X be locally compact, then every orbit closure which lies entirely in E(X) is a minimal set. Moreover, the set of all minimal sets contained in E(X) is relatively closed in E(X).
Proof. First assertion. Let Cl(xT) C E(X) and assume that Cl(xT) is not minimal. Then there exists a closed nonempty invariant subset K of Cl(xT) such that x i K. For y £ K there is some a £ J-such that lim xa = y. Let all x. in Theorem 3-3 be just x; then we have a contradiction. The first assertion does not really show the significance of the theorem, since a direct proof may be obtained without assuming that X is locally compact. The 'moreover' part does require this local compactness.
Here we may assume that the x.'s in the theorem lie in a minimal set M. C E(X). If lim x. = x £ E(X), it would follow from Corollary 3.5
that Cl(xT) C E(X); hence the first assertion of the corollary applies.
We now apply Theorem 3.3 to study the Jl-and J3-indivisible components of a subset of E(x). Applying the argument of the first case we have K = K and then Case 2 is reduced to Case 1. The proof of the lemma is complete.
The main application of (3.7) is for the case that MX) has compact components:
then the set \K.\ is the set of all components of N(X).
A similar argument to the one given in (3.7) yields the following results. Proof. Use (3.7) and (3.8(1)).
The approach to third-indivisibility is different from that of first-indivisibility.
3.10. Remark. Let X be locally compact, J" a hereditary family in J-, Y C X and let ^ = (X , T, n*) be the extended transformation group as given in (2.10).
Then ? | Y<^»(cf*, Y, 5F; {«.}) is an indivisibility.
Proof. Use (2.8).
3.11. Theorem. Let X be locally compact, J C 2 and Y C E(X). Then the following properties hold:
(1) // J" z's a singleton which is a net converging pointwise in X to X* and Proof. Use (2.8) and (3.11 (1)).
By using the stronger condition that X is uniformly locally compact instead of completeness in (3.12), the requirement that J" be hereditary can be omitted.
This fact can be obtained from (3.11(3)). (5))).
Throughout the remainder of this paper, unless explicitly stated otherwise, we will make the standing hypothesis that X is locally compact (uniform T.) and that Y is a connected subset of E(X).
We now state the two main theorems of this section.
Recall that the statement "Y is completely indivisible by 2" has been denoted by U i\\ Y. (1) Y nCl(/V(X))= 0.
(2) Y is locally compact invariant. (1) Y is a semicontinuum.
(2) Either X or Y is locally connected.
(3) N(X) is locally compact.
In case N(X) has compact components, which is already assumed in (4.2), then according to (3.9) the set Y in all of the conditions in the two theorems can be replaced by a dense subset of it.
Proofs of the statements in Theorems 4.1 and 4.2 will be given separately, together with other interesting results.
(1) This condition can equally well be replaced by the condition that Cl(iV(X)) is compact (cf. remark following (4.14)). 4.3-Example. Let i be a self-homeomorphism of the unit circle C which has neither periodic points nor dense orbits. The discrete flow on C generated by h then has a unique minimal set M which is homeomorphic to the Cantor set (cf.
for example [12] ). If / is a complementary interval of M, then / n {lb") = 0 for all integers n ¿= 0. Since C has finite measure, we conclude that lim x diameter (lbn) = 0. It follows that / C E{C). By Remark (1.6 (2) The proof of the proposition is complete.
We now prove Theorem 4.1.
Lemma. // 2 ||f Y and 2 | Y. then there exist ß e 2. a e Y O Cl(/V(X))
and a net \x \ in Y which satisfy the following properties:
(1) lim xß £ X exists, for all x e Y.
(2) lim x . = a. Let a = (ç, Y, J, X) be a C-object. For the moment we do not assume Y C E(X). For x e X and a £ J we denote lim xa to be the set of all limit points of the net xa. We now introduce a notion of accessibility.
Definition.
The a-accessible subfamily of X is defined to be the family Ka = \k eX | Kn [UÍHmya | y e Y, a e3í]¿0}.
We will also say a K eX is accessible by (Y, j).
The following statement is obvious. For a subfamily IC J\, by S{x) we will denote the subset of the space X, which is the union of all members of =L. If members of i-are pairwise disjoint we will make Jl a topological space by giving it the quotient topology of S(x). We now restrict X to be a decomposition of N{X) and resume the hypothesis that Y C E(X), Y connected. The proof of the theorem is complete.
We note that the compactness assumption for members of X in (4.11) is essential (take J" = 2 and X be the three components of N(X) in (4.4)).
We now apply Theorem 4.11 to complete indivisibility. (3)). Condition (V) is also strengthened by (4.1 (1)).
( (2.3 (4)) is also needed for this proof.)
We now state the strengthened theorem in terms of uniform spaces. (V) D is the union of a family \My\ of connected sets, which are totally ordered by inclusions and which satisfy My n Cl(/V(X)) = 0 for all À. To complete the discussion given after (1.5) we point out that it is also impossible to construct a transformation group on the plane so that N(X) consists of rational pairs and its every orbit is bounded. This is due to the complete indivisibility of E(X) and so N(X) must be compact [10, Theorem 2].
Example.
There exists a continuum X in Euclidean 3-space and a continuous flow on X such that N(X) is countable, E(X) is connected, but 2 | E(X). This gives / O E(X) C U, which is a contradiction. Hence E(X) is connected.
In the previous example the set N(X) is countable. This example can be used to construct a similar one such that N(X) is uncountable and O-dimensional.
There exists a continuum X in Euclidean 4-space and a continuous flow on X such that N(X) is O-dimensional uncountable, E(X) is connected, but 2 | E(X).
We denote the Cartesian coordinates of Euclidean 4-space, R , by (x, y, z, w). 
Remark.
In considering the notion of indivisibility and sets which are admissible as an N{X), it is important to hold the phase space X to be locally compact and T2. If either one of the two properties fails, many of our previous results and remarks can easily be disproved by simple counterexamples.
